A framework based on a full-folding model of the nucleon optical potential is presented for studying nuclear densities of closed-shell nuclei using intermediate energy nucleon scattering. Using a density-matrix expansion for the mixed density, a simplified optical potential is obtained that retains the energy and momentum dependence of the effective interaction prescribed by the full-folding model. The interplay between the local density, nonlocality of the mixed-density and off-energyshell degrees of freedom in the full-folding approach to nucleon scattering is made relatively transparent. The validity of the proposed framework is established for momentum transfers out to -2.5 fm ' in p+' 0 and p+ Ca scattering at energies between 200 and 400 MeV. The sensitivity of the scattering observables to nuclear densities is investigated.
(EN) effective interaction. Indeed, by folding the fully off-shell internucleon force with the target mixed density, the full-folding model has provided a substantially improved description of elastic scattering observables for proton elastic scattering from closed-shell nuclei ' at beam energies between -150 and -400 MeV. However, the complexity of the full-folding approach makes it difficult to distinguish the primary role of the target density from that of the effective force. In fact, recent implementations of the full-folding optical potential make use of single-particle models to represent the target ground state, thus relying on single-particle wave functions rather than on more global properties such as the matter distributions.
In this paper we address the question of how the fullfolding optical potential may provide useful information about ground-state nucleon densities from intermediate energy elastic scattering. Since the effective internucleon force can be assumed to be relatively well defined over the energy range considered here, we investigate the possibility of using an approximation to the exact full-folding calculation in which the target densities are clearly identified. Our present approach is based on expansions of the target mixed density ' and leads to a more transparent formulation of the optical potential while retaining the dominant features peculiar to the full-folding model. Physically, we expect to gain insight as to how the nonlocality of the mixed density samples the relevant energies and off-shell components of the effective force. Furthermore, it becomes possible to connect the nucleon optical potential to measured rather than model matter distributions within the range of validity of the approximate full-folding scheme.
There are alternative approximations to the full-folding model which make explicit the dependence of the optical potential on the density. ' ' The best known approximation leads to the standard tp model which is essentially based on assumptions about the Fermi motion of the struck nucleon in the target thus simplifying the off-shell components of the effective force that enter in the optical potential calculation. Although attractive in its formal structure, the tp model is a poor approximation to the full-folding model below -400 MeV. ' In particular it fails to explain the scattering observables at these energies especially at small momentum transfers.
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For actual calculations, Eq. (7) for the optical potential separates into proton and neutron contributions in the form U-pptpp+p fp To simplify the notation, the symbol p and associated quantities will refer to protons or neutrons without distinction. The same consideration holds for the t matrix.
The mixed-density in a momentum representation can be simply related to its coordinate representation p(r', r)
by a Fourier transformation.
In terms of the full-folding variables this relationship is given by
while a more accurate expansion for the mixed density leads to the CB choice,
The subject of investigating alternative forms for F(R;r)
remains open. As we wi11 see, this function is important in that it determines the extent to which the momentum dependence of the t matrix is operative in the full-folding model framework of the optical potential.
Using the approximation for the mixed density given by Eq. (10), the following result is obtained for its momentum space representation [Eq. (9)], p(P+ -, 'q, P --, 'q) =p(q;P),
where, from Eqs. (9) and (10), G(R;P)= f dre" F(R;r) .
(15a)
For the functional form of F(R;r) given by Eq. (11), it is straightforward to show that
where p(R) is analogous to the local nuclear matter density and is given by k(R)
3m2 (17) factor is correctly reproduced, the condition F(R;0)=1 must be satisfied.
The most appealing feature of the approximate mixeddensity given by Eq. (10) 
With the use of Eq. (7) for the nucleon-nucleus optical potential and Eq. (14) for the mixed density one obtains U(k', k;E)= f dPp(q;P)t(K', K;z), (19) with p(q;P) given by Eq. (15). In the Slater and CB approximations this function vanishes for all values of P above k,", the maximum k(R) allowed, thus determining the admissible values of P and the sampling of offshell degrees of freedom [see Eq. (8)]. This feature can be made explicit when using the Slater approximation.
Indeed, if we assume a continuously decreasing function for the density p(R) and therefore for ks(R), the mixed density p(q; P) can be evaluated directly. We obtain p, (q;P) =,[ -',~R ', "(P)]
- (20) where R & is calculated from kz(R, ")=P for each P less than k,"and S(x)=3j&(x)/x is the usual Slater function. Equation (20) has a simple interpretation. The volume within R, " is that volume of the nucleus which supports momenta P [Eq. (6) ]; the factor of 2 corresponds to the assumed spin degeneracy. The Slater function (which peaks at q =0) determines the relative probability with which the nucleus can support a given momentum transfer and the step function restricts the momentum P to its allowed domain. For P &k, ", R, " is relatively small (see Fig. 2 
A. The mixed density
We have calculated the exact mixed density for a single-particle model generated by a Woods-Saxon (WS) potential adjusted for each state in order to obtain a good fit to the single-particle energies, the rms radius, and the charge form factor. Using the same single-particle wave functions we have calculated the approximate p(q;P) expressed in Eqs. (14) -(16) for both Slater and CB prescriptions. In order to gauge the validity of these approximations, we have considered the Ca nucleus and show in Fig. 1 plots of the quantity P p(+ -, 'q, P --, 'q) using the exact [ Fig. 1(a) Fig. 1(c) ], for the mixed density. In the case of the exact mixed density we have taken the angle between q and P to be zero. Alternative choices for the angle between q and P lead to figures which are indistinguishable from Fig. 1(a) Although both approximations to the mixed density are quite good for calculating the full-folding optical potential, the CB approximation is observed to be slightly superior. This result is consistent with the better treatment of the nuclear surface provided by the CB approximation. In fact, we have investigated this point and found that the full-folding results are equally well reproduced for momentum transfers in the range 0 -2.5 fm ' if we use a kcz constructed from a harmonic oscillator model. However, we can still use the Slater approximation below q=2. 5 fm ' to get a good estimate of the scattering observables. This has the important practical advantage of being able to express the optical potential in terms of conventional nuclear densities and the off-shell t matrix. No further model is required to obtain ks(R) other than the trivial nuclear matter relationship [Eq. (12) ] between ks and the nuclear density.
The results in Fig. 3 also indicate that proton scattering at these intermediate energies is not especially sensitive to the detailed form of the nonlocality in the mixed density. Indeed, the different mixed densities in Fig. 1 provide very similar samplings of the momentum dependence of the effective force; the differences only slightly affect the scattering observables shown in Fig. 3 single-particle model. In the upper frame of Fig. 4(a) we show the squared Fourier transform of the point proton densities. The solid curve represents the density based on a phenomenological charge density. ' The dashed and dotted curves are used to represent the point proton density from WS and HO single-particle models, respectively. In Fig. 4(a) 
